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INEQUALITIES AND BOUNDS FOR THE EIGENVALUES OF
THE SUB-LAPLACIAN ON A STRICTLY PSEUDOCONVEX CR
MANIFOLD
AMINE ARIBI AND AHMAD EL SOUFI
Abstract. We establish inequalities for the eigenvalues of the sub-Laplace
operator associated with a pseudo-Hermitian structure on a strictly pseu-
doconvex CR manifold. Our inequalities extend those obtained by Niu
and Zhang [26] for the Dirichlet eigenvalues of the sub-Laplacian on a
bounded domain in the Heisenberg group and are in the spirit of the well
known Payne-Po´lya-Weinberger and Yang universal inequalities.
1. Introduction
The sub-Laplacian ∆b associated with a pseudo-Hermitian structure on a
strictly pseudoconvex CR manifold M is prototypical of a class of subel-
liptic operators which appear naturally in several geometric situations that
could be gathered under the concept of “Heisenberg manifolds”. The recent
work of Ponge [29] provides a detailed discussion and a fairly compre-
hensive presentation of the spectral properties of such operators, including
Weyl asymptotic formulae and heat kernel expansions.
The sub-Laplacian ∆b plays a fundamental role in CR geometry, similar
to that played by the Laplace-Beltrami operator in Riemannian geometry
(e.g., CR Yamabe problem). Several works published in recent years are
devoted to the study of this operator and the investigation of its spectral
properties, see for instance [3, 4, 5, 8, 17, 24, 26, 29]. In particular, it is
known that ∆b is subelliptic of order
1
2
, that is for each x ∈ M, there exist a
neighborhood U ⊂ M and a constant C > 0 such that, ∀ u ∈ C∞
0
(U),
‖u‖2
H1/2
≤ C〈(−∆b + I) u, u〉L2.
This a priori estimate leads to the proof of the hypoellipticity of ∆b and the
discreteness of its spectrum when M is a closed manifold (see [3, 5, 25]).
Since the pioneering work of Greenleaf [17], many recent contributions
aim to extend to the CR context some of the spectral geometric results es-
tablished in the Riemannian setting such as Li-Yau or Lichnerowicz-Obata
inequalities (see, for example, [3, 4, 8, 24]). It is worth noticing that the
determination of the eigenvalues of the sub-Laplacian on the standard CR
2000Mathematics Subject Classification. 32V20, 35H20, 58J50.
Key words and phrases. CR manifold, sub-Laplacian, eigenvalue, Carnot group.
The second author has benefited from the support of the ANR (Agence Nationale de la
Recherche) through FOG project ANR-07-BLAN-0251-01.
1
2 AMINE ARIBI AND AHMAD EL SOUFI
sphere S2n+1 remains an open problem, except likely for n = 1 according to
[28].
In this article, we focus on finding bounds on the eigenvalues in the same
vein as Payne-Po´lya-Weinberger universal inequalities [27]. These inequal-
ities, established in the 1950’s for the eigenvalues of the Dirichlet Laplacian
in a bounded domain of the Euclidean space Rn, were first stated as follows:
for every k ≥ 1,
λk+1 − λk ≤
4
n

1
k
k∑
i=1
λi
 , (1.1)
before being improved by several authors (see for instance [1, 23, 30]). For
example, the following inequality due to Yang [30] implies (1.1) :
k∑
i=1
(λk+1 − λi)
2 ≤
4
n
k∑
i=1
λi(λk+1 − λi). (1.2)
Extensions of universal inequalities to bounded domains in Riemannian
manifolds other than the Euclidean space have also been obtained. Let
us mention, for example, the following Yang’s type inequality obtained by
Ashbaugh [1] for domains of the unit sphere Sn ⊂ Rn+1 (see also [10]):
k∑
i=1
(λk+1 − λi)
2 ≤
4
n
k∑
i=1
(λk+1 − λi)(λi +
n2
4
). (1.3)
It is a remarkable fact that the equality holds for every k in this last in-
equality when the λi are the eigenvalues of the Laplace-Beltrami operator
on the whole sphere. This fact was observed by El Soufi, Harrell and Ilias in
their paper [16] where inequality (1.3), as well as many other inequalities in
the literature, are recovered as particular cases of the following inequality
which applies to the eigenvalues of the Laplace-Beltrami operator of any
n-dimensional compact Riemannian manifold M, with Dirichlet boundary
conditions if ∂M , ∅,
k∑
i=1
(λk+1 − λi)
2 ≤
4
n
k∑
i=1
(λk+1 − λi)(λi +
1
4
‖H‖2∞), (1.4)
where H is the mean curvature vector field of any isometric immersion of
M into a Euclidean space Rn+p. Notice that inequality (1.4) had also been
found independently by Chen and Cheng [9] for the Dirichlet eigenvalues
on a bounded domain of a Riemannian manifold.
Niu and Zhang [26] were certainly the first to address this issue for subel-
liptic operators. They obtained Payne-Po´lya-Weinberger and Hile-Protter
type inequalities for the Dirichlet eigenvalues of the sub-Laplacian on a
bounded domain of the Heisenberg group Hn of real dimension 2n+ 1. The
following Yang type inequality has been obtained in this context in [16] as
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an improvement of Niu-Zhang results:
k∑
i=1
(λk+1 − λi)
2 ≤
2
n
k∑
i=1
λi(λk+1 − λi). (1.5)
In what follows (see Corollary 4.1 below), we will prove that inequality
(1.5) remains valid for any strictly pseudoconvex CR manifold M of real
dimension 2n+1 provided it admits a Riemannian submersion over an open
set of R2n which is constant along the characteristic curves of M (i.e. the
integral curves of the Reeb vector field). Of course, the standard projection
Hn → R2n satisfies these assumptions.
As for the CR sphere S2n+1 and domains of S2n+1, we will obtain the
following inequality (Corollary 3.1):
k∑
i=1
(
λk+1 − λi
)2
≤
2
n
k∑
i=1
(
λk+1 − λi
)(
λi + n
2),
which is sharp for k = 1.
All these results are actually particular cases of a more general result
(Theorem 3.1) that we establish in Section 3 for an arbitrary strictly pseu-
doconvex CR manifold M of real dimension 2n+1 endowed with a compat-
ible pseudo-Hermitian structure θ. Indeed, we prove that the eigenvalues of
the sub-Laplacian ∆b in a bounded domainΩ ⊂ M, with Dirichlet boundary
conditions if Ω , M, satisfy inequalities of the form (see Theorem 3.1 for
a complete statement): for every integer k ≥ 1 and every p ∈ R,
k∑
i=1
(
λk+1 − λi
)p
≤
max{2, p}
n
k∑
i=1
(
λk+1 − λi
)p−1(
λi +
1
4
‖Hb( f )‖
2
∞
)
, (1.6)
λk+1 ≤ (1 +
2
n
)
1
k
k∑
i=1
λi +
1
2n
‖Hb( f )‖
2
∞, (1.7)
and
λk+1 ≤ (1 +
2
n
)k
1
nλ1 +
1
4
(
(1 +
2
n
)k
1
n − 1
)
‖Hb( f )‖
2
∞, (1.8)
where f is any C2 semi-isometric map from (M, θ) to a Euclidean space Rm,
and where Hb( f ) is a vector field defined similarly to the tension vector field
in the Riemannian case (see Section 2 for definitions).
Besides the CR sphere and Heisenberg groups, many other cases in which
one has an explicit expression for ‖Hb( f )‖∞ are given in a series of corol-
laries in Section 4.
In Section 5 we prove that the inequalities (1.6), (1.7) and (1.8) remain
true when f is a semi-isometric map from (M, θ) to a Heisenberg group
Hm which sends the horizontal distribution of M into that of Hm. This can
also be seen as a generalization of what was known about the Dirichlet
eigenvalues of the sub-Laplacian in a bounded domain of the Heisenberg
group, since the identity map of Hn obviously satisfies Hb(IHn) = 0.
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When M is compact without boundary, one has λ1 = 0 and the inequality
(1.8) leads to a relationship between the eigenvalues λk of the sub-Laplacian
of (M, θ) and the invariant Hb( f ) of any semi-isometric map f from (M, θ)
to a Euclidean space. For the first positive eigenvalue λ2, we even have the
following inequality :
λ2(−∆b) ≤
1
2nV(M, θ)
∫
M
|Hb( f )|
2
Rm , (1.9)
where V(M, θ) is the volume of (M, θ). Section 6 deals with these Reilly
type inequalities and the characterization of equality cases. For example,
we show that the equality holds in (1.9) if and only if f (M) is contained in
a sphere Sm−1(r) of radius r =
√
2n
λ2(−∆b)
and f is a pseudo-harmonic map
from M to S m−1(r).
These Reilly type results are also extended to maps f from (M, θ) to a
Heisenberg group Hm which sends the horizontal distribution of M into that
of Hm (see Theorem 6.2).
The last part of the paper deals with Carnot groups which constitute a
natural generalization of Heisenberg groups. A Carnot group is equipped
with a natural operator called “horizontal Laplacian”. We give PPW and
Yang type inequalities for the eigenvalues of the horizontal Laplacian in
terms of the rank of the horizontal distribution of the group.
Acknowledgments. The authors would like to warmly thank S. Dragomir,
N. Gamara, R. Petit and A. Zeghib for useful discussions.
2. Preliminaries
Let M be an orientable CR manifold of CR dimension n. This means
that M is an orientable manifold of real dimension 2n + 1 equipped with a
pair (H(M), J), where H(M) is a subbundle of the tangent bundle TM of
real rank 2n (often called Levi distribution) and J is an integrable complex
structure on H(M). The integrability condition for J means that, ∀X, Y ∈
Γ(H(M)),
[X, Y] − [JX, JY] ∈ Γ(H(M))
and
[JX, Y] + [X, JY] = J ([X, Y] − [JX, JY]) .
Since M is orientable, there exists a nonzero 1-form θ ∈ Γ(T ∗M) such that
Kerθ = H(M). Such a 1-form, called pseudo-Hermitian structure on M,
is of course not unique. Actually, the set of pseudo-Hermitian structures
that are compatible with the CR-structure of M consists in all the forms f θ
where f is a smooth nowhere zero function on M.
To each pseudo-Hermitian structure θ we associate its Levi form Gθ de-
fined on H(M) by
Gθ(X, Y) = −dθ(JX, Y) = θ([JX, Y])
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(note that a factor 1
2
is sometimes put before dθ so that in the case of the
sphere S2n+1 ⊂ Cn+1, the Webster metric defined below coincides with the
standard metric).
The integrability of J implies that Gθ is symmetric and J-invariant. The
CR manifold M is said to be strictly pseudoconvex if the Levi form Gθ
of a compatible pseudo-Hermitian structure θ is either positive definite or
negative definite. Of course, this condition does not depend on the choice
of θ. It implies that the distribution H(M) is far from being integrable.
In all the sequel, a pair (M, θ) will be called strictly pseudoconvex CR
manifold if M is a strictly pseudoconvex CRmanifold endowed with a com-
patible pseudo-Hermitian structure θ with positive definite Levi form. The
structure θ is then a contact form which induces on M the following volume
form
ϑθ =
1
2n n!
θ ∧ (dθ)n.
We will denote by V(M, θ) the volume of M with respect to ϑθ.
A pseudo-Hermitian structure θ on a strictly pseudoconvex CR manifold
determines a vector field ξ, often called characteristic direction or Reeb vec-
tor field of θ, defined to be the unique tangent vector field on M satisfying
θ(ξ) = 1 and ξ⌋dθ = 0. Therefore, Lξθ = 0 and [H(M), ξ] ⊂ H(M).
The Tanaka-Webster connection of a strictly pseudoconvex CRmanifold
(M, θ) is the unique affine connection ∇ on TM satisfying the following
conditions :
(1) ∇θ = 0, ∇dθ = 0 and ∇J = 0 (hence the distribution H(M) and the
vector field ξ are parallel for ∇)
(2) The Torsion T∇ of ∇ is such that, ∀X, Y ∈ H(M),
T∇(X, Y) = −θ([X, Y])ξ and T∇(ξ, JX) = −JT∇(ξ, X) ∈ H(M).
Basic examples : Standard models for CR manifolds are given by the
Heisenberg group and real hypersurfaces of complexmanifolds. The Heisen-
berg group will be discussed in Section 5. If M is an orientable real hyper-
surface of Cn+1, then the sub-bundle H(M) defined as the orthogonal com-
plement of Jν in TM, where ν is a unit normal vector field and J is the stan-
dard complex structure of Cn+1, is stable by J. The pair (H(M), J) endows
M with a CR-structure whose compatible pseudo-Hermitian structures are
represented by
θ(X) = −
1
2
〈X, Jν〉,
where 〈, 〉 is the standard inner product in Cn+1. A straightforward calcula-
tion gives
Gθ(X, X) =
1
2
(B(X, X) + B(JX, JX)) ,
where B is the second fundamental form of the hypersurface. Thus, M
is strictly pseudoconvex if and only if the J-invariant part of its second
fundamental form is positive definite on H(M).
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Since the second fundamental form of the sphere S2n+1 ⊂ Cn+1 coincides
with the standard inner product, the above construction endows S2n+1 with
a strictly pseudoconvex CR structure whose Levi form is nothing but the
restriction of the standard inner product to the horizontal bundle H
(
S2n+1
)
where, for every x ∈ S2n+1, Hx
(
S2n+1
)
is the orthogonal complement in Cn+1
of the complex line passing through x.
Sub-Laplacian : A Strictly pseudoconvex CR manifold (M, θ) is equipped
with a natural second order differential operator ∆b commonly known as the
“sub-Laplacian”. This operator is defined in terms of the Tanaka-Webster
connection ∇ by:
∆bu = traceGθ∇du.
Given a local Gθ-orthonormal frame {X1, ..., X2n} of H(M), one has
∆bu =
2n∑
i=1
{Xi · Xi · u − (∇XiXi).u} =
2n∑
i=1
〈∇Xi∇
Hu, Xi〉Gθ ,
where ∇Hu ∈ H(M) is the horizontal gradient of u defined by, ∀X ∈ H(M),
X · u = Gθ(X,∇
Hu). Integration by parts yields for every compactly sup-
ported smooth function u on M,∫
M
u∆bu ϑθ = −
∫
M
|∇Hu|2Gθ ϑθ.
When (M, θ) is strictly pseudoconvex, the Levi formGθ extends to a Rie-
mannian metric gθ on M, sometimes called the Webster metric, so that the
decomposition TM = H(M) ⊕ Rξ is orthogonal and the vector ξ has unit
length, that is, ∀ X, Y ∈ TM,
gθ(X, Y) = Gθ(X
H , YH) + θ(X)θ(Y),
where XH = πHX is the projection of X on H(M) with respect to the de-
composition TM = H(M) ⊕ Rξ. Notice that the Riemannian volume form
associated to gθ coincides with ϑθ (see [7, Lemma 1]). On the other hand,
the Levi-Civita connection ∇gθ of (M, gθ) is related to the Tanaka-Webster
connection ∇ by the following identities (see for instance [13, p.38]): for
every pair X, Y of horizontal vector fields, ∇XY = (∇
gθ
X
Y)H and, moreover,
∇
gθ
ξ X − ∇ξX =
1
2
JX , ∇
gθ
X
ξ − ∇Xξ = ∇
gθ
X
ξ = (
1
2
J + τ)X,
∇
gθ
X
Y − ∇XY = −〈(
1
2
J + τ)X, Y〉gθξ and ∇
gθ
ξ ξ = ∇ξξ = 0,
where τ : H(M) −→ H(M) is the traceless symmetric (1,1)-tensor defined
by τX = T∇(ξ, X) = ∇ξX − [ξ, X]. Notice that τ = 0 if and only if ξ is a
Killing vector field w.r.t. the metric gθ (and then the metric gθ is a Sasakian
metric on M).
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If we denote by divgθ the divergence with respect to the metric gθ, one
easily gets
∆bu = divgθ∇
Hu, (2.1)
which immediately leads to the following relationship, known as Green-
leaf’s formula:
∆b = ∆gθ − ξ
2
where ∆gθ is the Laplace-Beltrami operator of (M, gθ).
Levi tension vector field : Let (M, θ) be a strictly pseudoconvex CR man-
ifold of dimension 2n + 1 and let (N, h) be a Riemannian manifold. The
energy density of a smooth f : (M, θ) −→ (N, h) with respect to horizontal
directions is defined at a point x ∈ M by
eb( f )x =
1
2
traceGθ(πH f
∗h)x =
1
2
2n∑
i=1
|d f (Xi)|
2
h,
where {X1, ..., X2n} is a local Gθ-orthonormal frame of H(M). According to
[6, Theorem 3.1], the first variation of the energy functional
Eb( f ) =
∫
M
eb( f )ϑθ
is determined by the vector, that we will call “Levi tension” of f ,
Hb( f ) = traceGθβ f ,
where β f is the vector valued 2-form on H(M) given by
β f (X, Y) = ∇
f
X
d f (Y) − d f (∇XY),
∇ f is the connection induced on the bundle f −1TN by the Levi-Civita con-
nection of (N, h), and ∇ is the Tanaka-Webster connection of (M, θ). That
is,
Hb( f ) =
2n∑
i=1
∇
f
Xi
d f (Xi) − d f (∇XiXi).
MappingswithHb( f ) = 0 are called pseudo-harmonic by Barletta, Dragomir
and Urakawa [6]. In the case where (N, h) is the standard Rm, it is clear that
Hb( f ) = (∆b f1, ...,∆b fm). (2.2)
Since ∇XY = (∇
gθ
X
Y)H = ∇
gθ
X
Y −
〈(
1
2
J + τ
)
X, Y
〉
Gθ
ξ for every pair (X, Y) of
horizontal vector fields, one has
β f (X, Y) = B f (X, Y) +
〈(
1
2
J + τ
)
X, Y
〉
Gθ
d f (ξ)
and
Hb( f ) = H( f ) − B f (ξ, ξ) = H( f ) − ∇
f
ξd f (ξ)
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where B f (X, Y) = ∇
f
X
d f (Y)− d f (∇
gθ
X
Y) and H( f ) = tracegθB f is the tension
vector field (see [14]). In the particular case where f is an isometric immer-
sion from (M, gθ) to (N, h), B f coincides with the second fundamental form
of f and H( f ) coincides with its mean curvature vector.
For the natural inclusion j : S2n+1 ֒→ Cn+1 of S2n+1, the form β j is given
by, β j(X, Y) = − 〈X, Y〉Cn+1 ~x + 〈JX, Y〉Cn+1 J~x, where ~x is the position vector
field (here ν(x) = −~x and ξ(x) = 2J~x). Thus,
Hb( j) = −2n ~x. (2.3)
In the sequel we will focus on maps f : (M, θ) −→ (N, h) that preserve
lengths in the horizontal directions as well as the orthogonality between
H(M) and ξ, that is, ∀X ∈ H(M),
|d f (X)|h = |X|Gθ and 〈d f (X), d f (ξ)〉h = 0,
which also amounts to f ∗h = gθ+ (µ−1)θ
2 for some nonnegative function µ
on M. For convenience, such a map will be termed semi-isometric. Notice
that the dimension of the target manifold N should be at least 2n. When
the dimension of N is 2n, then a semi-isometric map f : (M, θ) −→ (N, h)
is noting but a Riemannian submersion satisfying d f (ξ) = 0. Important
examples are given by the standard projection from the Heisenberg group
Hn to R2n and the Hopf fibration S2n+1 → CPn.
Lemma 2.1. Let (M, θ) be a strictly pseudoconvex CR manifold and let
(N, h) be a Riemannian manifold. If f : (M, θ) −→ (N, h) is a C2 semi-
isometric map, then the form β f takes its values in the orthogonal com-
plement of d f (H(M)). In particular, the vector Hb( f ) is orthogonal to
d f (H(M)).
Proof. Let X, Y and Z be three horizontal vector fields. Since the Levi-
Civita connection of (N, h) is torsionless, one has ∇
f
X
d f (Y) − ∇
f
Y
d f (X) =
d f ([X, Y]). From the properties of the torsion of the Tanaka-Webster con-
nection ∇, one has ∇XY − ∇YX = [X, Y]
H. Thus,
β f (X, Y) − β f (Y, X) = θ([X, Y])d f (ξ).
Since d f (ξ) is orthogonal to d f (H(M)), we deduce the following symmetry
property:
〈β f (X, Y), d f (Z)〉h = 〈β f (Y, X), d f (Z)〉h. (2.4)
On the other hand, we have,
Z · 〈d f (X), d f (Y)〉h = Z · 〈X, Y〉Gθ . (2.5)
Since Gθ is parallel with respect to the Tanaka-Webster connection ∇ and h
is parallel with respect to the Levi-Civita connection ∇h, one gets
Z · 〈d f (X), d f (Y)〉h = 〈∇
f
Z
d f (X), d f (Y)〉h + 〈d f (X),∇
f
Z
d f (Y)〉h
and
Z · 〈X, Y〉Gθ = 〈∇ZX, Y〉Gθ + 〈X,∇ZY〉Gθ
= 〈d f (∇ZX), d f (Y)〉h + 〈d f (X), d f (∇ZY)〉h
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where the last equality comes from the fact that∇ZX and∇ZY are horizontal.
Replacing into (2.5) we obtain
〈∇
f
Z
d f (X) − d f (∇ZX), d f (Y)〉h + 〈∇
f
Z
d f (Y) − d f (∇ZY), d f (X)〉h = 0.
Therefore, ∀ X, Y, Z ∈ H(M),
〈β f (Z, X), d f (Y)〉h + 〈β f (Z, Y), d f (X)〉h = 0. (2.6)
Taking X = Y in (2.6) we obtain, ∀ X, Z ∈ H(M),
〈β f (Z, X), d f (X)〉h = 0. (2.7)
Now, taking Z = X in (2.6) and using (2.4) and (2.7), we get, ∀ X, Y ∈
H(M),
〈β f (X, X), d f (Y)〉h = 0.
The symmetry property (2.4) enables us to conclude. 
A direct consequence of Lemma 2.1 is the following
Corollary 2.1. If f : (M, θ) −→ (N, h) is a Riemannian submersion from a
strictly pseudoconvex CR manifold (M, θ) to a Riemannian manifold (N, h)
with d f (ξ) = 0, then β f = 0 and Hb( f ) = 0.
3. Eigenvalues of the sublaplacian and semi-isometric maps into
Euclidean spaces
Let (M, θ) be a strictly pseudoconvexCRmanifold and letΩ be a bounded
(relatively compact) domain of M. In the case where M is a closed man-
ifold, we allow Ω to be equal to the whole of M. We are interested in
Schro¨dinger-type operator −∆b +V where V is a function on Ω. We assume
in all the sequel that the spectrum of −∆b +V in Ω, with Dirichlet boundary
conditions if ∂Ω , ∅, is discrete and bounded from below. We will always
denote by {λ j} j≥1 the non decreasing sequence of eigenvalues of −∆b + V
and by {u j} j≥1 a complete orthonormal family of eigenfunctions in Ω with
(−∆b + V)u j = λ ju j.
Theorem 3.1. Let (M, θ) be a strictly pseudoconvex CR manifold of real
dimension 2n+1 and let f : (M, θ) −→ Rm be a semi-isometric C2 map. The
sequence of eigenvalues {λ j} j≥1 of the Schro¨dinger-type operator −∆b + V
in a bounded domainΩ ⊂ M, with Dirichlet boundary conditions ifΩ , M,
satisfies for every k ≥ 1 and p ∈ R,
k∑
i=1
(
λk+1 − λi
)p
≤
max{2, p}
n
k∑
i=1
(
λk+1 − λi
)p−1(
λi +
1
4
Di
)
(3.1)
with
Di =
∫
Ω
(
|Hb( f )|
2
Rm − 4V
)
u2i ϑθ.
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Moreover, if V is bounded below on Ω, then for every k ≥ 1,
λk+1 ≤ (1 +
2
n
)
1
k
k∑
i=1
λi +
1
2n
D∞ (3.2)
and
λk+1 ≤ (1 +
2
n
)k
1
nλ1 +
1
4
(
(1 +
2
n
)k
1
n − 1
)
D∞ (3.3)
with D∞ = supΩ
(
|Hb( f )|
2
Rm
− 4V
)
.
Applying this result to the standard CR sphere whose standard embed-
ding j : S2n+1 → Cn+1 satisfies |Hb( j)|
2
Cn+1
= 4n2 (see (2.3)), we get the
following
Corollary 3.1. Let Ω be a domain in the standard CR sphere S2n+1 ⊂ Cn+1.
The eigenvalues of the operator −∆b + V in Ω, with Dirichlet boundary
conditions if Ω , S2n+1, satisfy, for every k ≥ 1 and p ∈ R,
k∑
i=1
(
λk+1 − λi
)p
≤
max{2, p}
n
k∑
i=1
(
λk+1 − λi
)p−1(
λi + n
2 − Ti
)
with Ti =
∫
Ω
Vu2
i
ϑθ. Moreover, if V is bounded below on Ω, then, for every
k ≥ 1,
λk+1 ≤ (1 +
2
n
)
1
k
k∑
i=1
λi + 2n −
2
n
inf
Ω
V
and
λk+1 ≤ (1 +
2
n
)k
1
nλ1 +C(n, k,V)
with C(n, k,V) =
(
(1 + 2
n
)k
1
n − 1
) (
n2 − infΩ V
)
.
Theorem 3.1 also applies to the Heisenberg group Hn endowed with its
standard CR structure. The corresponding sub-Laplacian is nothing but the
operator ∆Hn =
1
4
∑
j≤n(X
2
j + Y
2
j ) (see section 5 for details). Since the stan-
dard projection Hn → R2n is semi-isometric (up to a dilation, see (5.3)
below) with zero Levi-tension (see Corollary 2.1), Theorem 3.1 leads to the
following corollary which improves the results by Niu-Zhang [26] and El
Soufi-Harrell-Ilias [16].
Corollary 3.2. Let Ω be a domain in the Heisenberg group Hn. The eigen-
values of the operator −∆b + V in Ω, with Dirichlet boundary conditions,
satisfy, for every k ≥ 1 and p ∈ R,
k∑
i=1
(
λk+1 − λi
)p
≤
max{2, p}
n
k∑
i=1
(
λk+1 − λi
)p−1(
λi − Ti
)
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with Ti =
∫
Ω
Vu2
i
ϑθ. Moreover, if V is bounded below on Ω, then, for every
k ≥ 1,
λk+1 ≤ (1 +
2
n
)
1
k
k∑
i=1
λi −
2
n
inf
Ω
V
and
λk+1 ≤ (1 +
2
n
)k
1
nλ1 −
(
(1 +
2
n
)k
1
n − 1
)
inf
Ω
V.
The proof of Theorem 3.1 relies on a general result of algebraic nature
using commutators. The use of this approach in obtaining bounds for eigen-
values is now fairly prevalent. Pioneering works in this direction are due to
Harrell, alone or with collaborators (see [16, 18, 19, 20, 21, 22]). For our
purpose, we will use the following version that can be found in a recent
paper by Ashbaugh and Hermi [2] (see inequality (26) of Corollary 3 and
inequality (46) of Corollary 8 in [2]).
Lemma 3.1. Let A : D ⊂ H → H be a self-adjoint operator defined on a
dense domainD which is semibounded below and has a discrete spectrum
λ1 ≤ λ2 · · · ≤ λi ≤ · · · . Let B : A(D) → H be a symmetric operator which
leaves D invariant. Denoting by {ui}i≥1 a complete orthonormal family of
eigenvectors of A with Aui = λiui, we have, for every k ≥ 1 and p ∈ R,
k∑
i=1
(
λk+1 − λi
)p〈
[A, B]ui, Bui
〉
≤ max{1,
p
2
}
k∑
i=1
(
λk+1 − λi
)p−1
‖[A, B]ui‖
2.
Proof of Theorem 3.1. Let f : (M, θ) → Rm be a semi-isometric map and
let f1, ..., fm be its Euclidean components. For each α = 1, ...,m, we denote
by fα the multiplication operator naturally associated with fα. Let us start
by the calculation of
〈
[−∆b + V, fα]ui, fαui
〉
L2 and ‖[−∆b + V, fα]ui‖
2
L2
. One
has,
[−∆b + V, fα]ui = −∆b( fαui) + fα(∆bui)
= −(∆b fα)ui − 2〈∇
H fα,∇
Hui〉Gθ .
Thus,
〈
[−∆b + V, fα]ui, fαui
〉
L2 = −
∫
Ω
fα(∆b fα)u
2
i −
1
2
∫
Ω
〈∇H f 2α ,∇
Hu2i 〉Gθ . (3.4)
Here and in the sequel, all the integrals over M are calculated with respect
to the volume form ϑθ or, equivalently, the Riemannian volume element in-
duced by the Webster metric gθ. The integration over the eventual boundary
is calculated with respect to the Riemannian metric induced on ∂Ω by the
Webster metric gθ. Integration by parts leads to (see (2.1))∫
Ω
〈∇H f 2α ,∇
Hu2i 〉Gθ = −
∫
Ω
(∆b f
2
α )u
2
i +
∫
∂M
u2i 〈∇
H f 2α , ν〉gθ
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where ν is the unit normal vector to the boundary with respect to theWebster
metric gθ. Since ui vanishes on ∂Ω when ∂Ω , ∅, we get∫
Ω
〈∇H f 2α ,∇
Hu2i 〉Gθ = −
∫
Ω
(∆b f
2
α )u
2
i
= −2
[∫
Ω
fα(∆b fα)u
2
i +
∫
Ω
|∇H fα|
2
Gθ
u2i
]
.
Substituting in (3.4) we obtain
〈[−∆b + V, fα]ui, fαui〉L2 =
∫
Ω
|∇H fα|
2
Gθ
u2i .
Thus
m∑
α=1
〈[−∆b + V, fα]ui, fαui〉L2 =
m∑
α=1
∫
Ω
|∇H fα|
2
Gθ
u2i .
Now, since f preserves the Levi-form, one has with respect to aGθ-orthonormal
frame {ei} of Hp(M),
m∑
α=1
|∇H fα|
2
Gθ
=
m∑
α=1
2n∑
i=1
〈∇H fα, ei〉
2
Gθ
=
2n∑
i=1
m∑
α=1
〈∇ fα, ei〉
2
Gθ
=
2n∑
i=1
|d f (ei)|
2
Rm =
2n∑
i=1
|ei|
2
Gθ
= 2n.
Therefore,
m∑
α=1
〈[−∆b + V, fα]ui, fαui〉L2 = 2n
∫
Ω
u2i = 2n. (3.5)
On the other hand, we have
‖[−∆b + V, fα]ui‖
2
L2
=
∫
Ω
(
(∆b fα)ui + 2〈∇
H fα,∇
Hui〉Gθ
)2
=
∫
Ω
(∆b fα)
2u2i + 4
∫
Ω
〈∇H fα,∇
Hui〉
2
Gθ
+ 2
∫
Ω
(∆b fα)〈∇
H fα,∇
Hu2i 〉Gθ .
Using (2.2), we get
m∑
α=1
∫
Ω
(∆b fα)
2u2i =
∫
Ω
|Hb( f )|
2
Rmu
2
i .
Using the isometry property of f with respect to horizontal directions, we
get
m∑
α=1
〈∇H fα,∇
Hui〉
2
Gθ
=
m∑
α=1
〈∇ fα,∇
Hui〉
2
Gθ
=
m∑
α=1
|d fα(∇
Hui)|
2
Rm
= |d f (∇Hui)|
2
Rm = |∇
Hui|
2
Gθ
.
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Thus,
m∑
α=1
∫
Ω
〈∇H fα,∇
Hui〉
2
Gθ
=
∫
Ω
|∇Hui|
2
Gθ
= λi −
∫
Ω
Vu2i .
Finally, denoting by {Eα} the standard basis of R
m and using Lemma 2.1,
we get,
m∑
α
∫
Ω
∆b fα〈∇
H fα,∇
Hu2i 〉Gθ = 〈
m∑
α
∆b fαEα,
m∑
α
〈∇ fα,∇
Hu2i 〉GθEα〉Rm
= 〈Hb( f ), d f (∇
Hu2i )〉Rm = 0.
Using all these facts, we get
m∑
α=1
‖[−∆b + V, fα]ui‖
2
L2
= 4
(
λi −
∫
Ω
Vu2i
)
+
∫
Ω
|Hb( f )|
2
Rmu
2
i . (3.6)
Applying Lemma 3.1 with A = −∆b + V and B = fα, summing up with
respect to α = 1, ...,m, and using (3.5) and (3.6), we get the inequality
(3.1).
To prove the inequality (3.2), we consider the quadratic relation that we
derive from (3.1) after replacing p by 2 and Di by D∞, that is, ∀ k ≥ 1,
k∑
i=1
(
λk+1 − λi
)2
≤
2
n
k∑
i=1
(
λk+1 − λi
)(
λi +
D∞
4
)
(3.7)
which leads to
λ2k+1 − λk+1
(
(2 +
2
n
)Mk +
1
2n
D∞
)
+ (1 +
2
n
)Qk +
1
2n
D∞Mk ≤ 0
with Mk =
1
k
∑k
i=1 λi and Qk =
1
k
∑k
i=1 λ
2
i . Using Cauchy-Schwarz inequality
M2
k
≤ Qk, we get
λ2k+1 − λk+1
(
(2 +
2
n
)Mk +
1
2n
D∞
)
+ (1 +
2
n
)M2k +
1
2n
D∞Mk ≤ 0
which can also be written as follows:
(λk+1 − Mk)
(
λk+1 − (1 +
2
n
)Mk −
1
2n
D∞
)
≤ 0.
Since λk+1 − Mk is clearly nonnegative, we get λk+1 ≤ (1 +
2
n
)Mk +
1
2n
D∞
which proves (3.2).
Now, if we set λi := λi +
1
4
D∞, then the inequality (3.7) reads
k∑
1
(λk+1 − λi)
2 ≤
2
n
k∑
1
(λk+1 − λi)λi.
Following Cheng and Yang’s argument [11, Theorem 2.1 and Corollary
2.1], we obtain
λk+1 ≤
(
1 +
2
n
)
λ1k
1
n
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which gives immediately the last inequality of the theorem. 
4. Applications to Riemannian submersions over submanifolds of the
Euclidean space
Let (M, θ) be a strictly pseudoconvex CRmanifold and let f : (M, θ)→ N
be a Riemannian submersion over a Riemannian manifold N of dimension
2n. The manifold N admits infinitely many isometric immersions into Eu-
clidean spaces. For every integer m ≥ 2n we denote by I(N,Rm) the set of
all C2 isometric immersions from N to the m-dimensional Euclidean space
Rm. Thanks to the Nash embedding theorem, the set ∪m∈NI(N,R
m) is never
empty, which motivates the introduction of the following invariant :
Heuc(N) = inf
φ∈∪m∈NI(N,Rm)
‖H(φ)‖∞
where H(φ) stands for the mean curvature vector field of φ.
Theorem 4.1. Let (M, θ) be a strictly pseudoconvex CR manifold of real
dimension 2n + 1 and let f : (M, θ) → N be a Riemannian submersion
over a Riemannian manifold of dimension 2n such that d f (ξ) = 0. The
eigenvalues of the operator −∆b + V in a bounded domain Ω ⊂ M, with
Dirichlet boundary conditions if Ω , M, satisfy for every k ≥ 1 and p ∈ R,
k∑
i=1
(
λk+1 − λi
)p
≤
max{2, p}
n
k∑
i=1
(
λk+1 − λi
)p−1(
λi +
1
4
Heuc(N)2 − Ti
)
(4.1)
with Ti =
∫
Ω
Vu2
i
ϑθ. Moreover, if V is bounded below on Ω, then, for every
k ≥ 1,
λk+1 ≤ (1 +
2
n
)
1
k
k∑
i=1
λi +
1
2n
Heuc(N)2 −
2
n
inf
Ω
V (4.2)
and
λk+1 ≤ (1 +
2
n
)k
1
nλ1 + C (4.3)
with C =
(
(1 + 2
n
)k
1
n − 1
) (
1
4
Heuc(N)2 − infΩ V
)
.
Proof. Let φ : N → Rm be any isometric immersion. It is straightforward
to check that the map fˆ = φ ◦ f : (M, θ) → Rm is semi-isometric and that,
∀X, Y ∈ H(M),
β fˆ (X, Y) = dφ(β f (X, Y)) + Bφ(d f (X), d f (Y)) = Bφ(d f (X), d f (Y)),
where Bφ stands for the second fundamental form of φ and where the last
equality follows from Corollary 2.1. Now, from the assumptions on f , the
differential of f induces, for each x ∈ M, an isometry between Hx(M) and
T f (x)N. Thus, if X1, · · · , X2n is a local orthonormal frame of H(M), then
d f (X1), · · · , d f (X2n) is also an orthonormal frame of TN. This leads to the
equality
Hb( fˆ ) = H(φ).
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Therefore, it suffices to apply Theorem 3.1 to fˆ and then take the infimum
with respect to φ to finish the proof.

For example, when N is an open set of R2n or, more generally, a minimal
submanifold in Rm, then Heuc(N) = 0 and the Theorem above gives a class
of pseudoconvex CRmanifolds including domains of the Heisenberg group,
for which the following holds :
Corollary 4.1. Let (M, θ) be a strictly pseudoconvex CR manifold of real
dimension 2n + 1 which admits a Riemannian submersion f : (M, θ) → N
over a minimal submanifold N of dimension 2n of Rm such that d f (ξ) = 0.
The eigenvalues of the operator −∆b+V in a bounded domainΩ ⊂ M, with
Dirichlet boundary conditions if Ω , M, satisfy for every k ≥ 1 and p ∈ R,
k∑
i=1
(
λk+1 − λi
)p
≤
max{2, p}
n
k∑
i=1
(
λk+1 − λi
)p−1(
λi − Ti
)
(4.4)
with Ti =
∫
Ω
Vu2
i
ϑθ. Moreover, if V is bounded below on Ω, then for every
k ≥ 1,
λk+1 ≤ (1 +
2
n
)
1
k
k∑
i=1
λi −
2
n
inf
Ω
V (4.5)
and
λk+1 ≤ (1 +
2
n
)k
1
nλ1 −
(
(1 +
2
n
)k
1
n − 1
)
inf
Ω
V. (4.6)
The natural embedding j : S2n → R2n+1 of the sphere into the Euclidean
space satisfies |H( j)|2
R2n+1
= 4n2. Thus, Theorem 4.1 leads to the following
Corollary 4.2. Let (M, θ) be a strictly pseudoconvex CR manifold of real
dimension 2n + 1. Assume that (M, θ) admits a Riemannian submersion f :
(M, θ) → D ⊂ S2n over a domain D of the standard sphere with d f (ξ) = 0.
The eigenvalues of the operator −∆b+V in a bounded domainΩ ⊂ M, with
Dirichlet boundary conditions if Ω , M, satisfy for every k ≥ 1 and p ∈ R,
k∑
i=1
(
λk+1 − λi
)p
≤
max{2, p}
n
k∑
i=1
(
λk+1 − λi
)p−1(
λi + n
2 − Ti
)
with Ti =
∫
Ω
Vu2i ϑθ. Moreover, if V is bounded below on Ω, then for every
k ≥ 1,
λk+1 ≤ (1 +
2
n
)
1
k
k∑
i=1
λi + 2n −
2
n
inf
Ω
V
and
λk+1 ≤ (1 +
2
n
)k
1
nλ1 + C
with C(n, k,V) =
(
(1 + 2
n
)k
1
n − 1
) (
n2 − infΩ V
)
.
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In the particular case of a manifold M without boundary that satisfies the
assumptions of Corollary 4.2, one has, with V = 0, λ2(−∆b) = 0,
λ2(−∆b) ≤ 2n
and, for every k ≥ 1,
λk+1(−∆b) ≤ n(n + 2)k
1
n − n2.
We denote by FPm the m-dimensional real projective space if F = R, the
complex projective space of real dimension 2m if F = C, and the quater-
nionic projective space of real dimension 4m if F = Q. The manifold FPm
carries a natural metric so that the Hopf fibration π : SdF(m+1)−1 ⊂ Fm+1 →
FPm is a Riemannian fibration, where dF = dimR F.
Let Hm+1(F) = {A ∈ Mm+1(F) | A
∗ := tA = A} be the vector space of
(m + 1) × (m + 1) Hermitian matrices with coefficients in F, that we endow
with the inner product
〈A, B〉 =
1
2
trace(A B).
The map ψ : SdF(m+1)−1 ⊂ Fm+1 −→ Hm+1(F) given by
ψ(z) =

|z0|
2 z0z¯1 · · · z0z¯m
z1z¯0 |z1|
2 · · · z1z¯m
· · · · · · · · · · · ·
zmz¯0 zmz¯1 · · · |zm|
2

induces through the Hopf fibration an isometric embedding φ from FPm into
Hm+1(F). Moreover, φ(FP
m) is a minimal submanifold of the hypersphere
S
(
I
m+1
,
√
m
2(m+1)
)
ofHm+1(F) of radius
√
m
2(m+1)
centered at I
m+1
. One deduces
that the mean curvature H(φ) satisfies
|H(φ)|2 = 2m(m + 1)d2F.
Therefore, Heuc(FPm)2 ≤ 2m(m+1)d2
F
and Theorem 4.1 leads to the follow-
ing
Corollary 4.3. Let (M, θ) be a strictly pseudoconvex CR manifold of real
dimension 2n+1 which admits a Riemannian submersion f : (M, θ) → D ⊂
FPm over a domain of the projective space FPm of real dimension 2n (i.e.
m = 2n/dF) with d f (ξ) = 0. The eigenvalues of the operator −∆b + V in
a bounded domain Ω ⊂ M, with Dirichlet boundary conditions if Ω , M,
satisfy for every k ≥ 1 and p ∈ R,
k∑
i=1
(
λk+1 − λi
)p
≤
max{2, p}
n
k∑
i=1
(
λk+1 − λi
)p−1(
λi + n(2n + dF) − Ti
)
with Ti =
∫
Ω
Vu2i ϑθ. Moreover, if V is bounded below on Ω, then for every
k ≥ 1,
λk+1 ≤ (1 +
2
n
)
1
k
k∑
i=1
λi + 2(2n + dF) −
2
n
inf
Ω
V
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and
λk+1 ≤ (1 +
2
n
)k
1
nλ1 + C
with C(n, k,V) =
(
(1 + 2
n
)k
1
n − 1
)
(n(2n + dF) − infΩ V) .
5. Eigenvalues of the sub-laplacian and semi-isometric maps into
Heisenberg groups
A model for the Heisenberg group is given by Hm = R2m+1  Cm × R
endowed with the group law
(z, t) · (w, s) = (z + w, t + s + 2Im〈z,w〉),
where (z, t) = (z1, ..., zn, t), (w, s) = (w1, ...,wn, s) ∈ Cm × R, and 〈z,w〉 =∑
j≤m z
jw
j
is the standard complex scalar product in Cm. A natural basis
of the corresponding Lie algebra is given by the family of left-invariant
vector fields {X1, ..., Xm, Y1, ..., Ym, T } that coincides with the standard basis
of R2m+1 at the origin. That is, T = ∂
∂t
and, ∀ j ≤ m,
X j =
∂
∂x j
+ 2y j
∂
∂t
, Y j =
∂
∂y j
− 2x j
∂
∂t
.
The Levi distribution H(Hm) is spanned by the vector fields {X j, Y j} j≤m. The
complex sub-bundle T 1,0 of THm ⊗ C spanned by
Z j =
∂
∂z j
+ iz¯ j
∂
∂t
=
1
2
(
X j − iY j
)
, j = 1, . . .m
is such that H(Hm) = Re
(
T 1,0 ⊕ T 0,1
)
, with
T 0,1 = span
{
Z¯ j =
∂
∂z¯ j
− iz j
∂
∂t
=
1
2
(
X j + iY j
)
, j = 1, . . .m
}
.
This endows H(Hm) with an almost complex structure J (so that T 1,0 =
ker(J−i) and T 0,1 = ker(J+i)) which is actually integrable since [Z j, Zk] = 0
for all j, k ≤ m. Moreover, we have for all j ≤ m, JX j = Y j.
The standard pseudo-Hermitian structure on Hm is
θHm = dt + i
m∑
j=1
(z jdz¯ j − z¯ jdz j) = dt + 2
m∑
j=1
(x jdy j − y jdx j), (5.1)
whose differential is dθHm = 2i
∑n
j=1 dz
j ∧ dz¯ j and characteristic direction
is T = ∂
∂t
. Since, for all j ≤ m and k ≤ m, one has [X j, Yk] = −4δ jkT and
[X j, Xk] = [Y j, Yk] = 0, the Levi form GθHm on H(H
m) satisfies
GθHm (X j, Xk) = GθHm (Y j, Yk) = 4δ jk and GθHm (X j, Yk) = 0.
We will denote by gHm the corresponding Webster metric.
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For a vectorW ∈ T(z,t)H
m, if we denote by {v1,w1, ..., vn,wn, s} its compo-
nents with respect to the standard basis of R2m+1, i.e.,
W =
m∑
j=1
v j
∂
∂x j
+ w j
∂
∂y j
+ s
∂
∂t
,
then
W =
∑
j
(v jX j + w jY j) + {s + 2
∑
j
w jx j − v jy j}
∂
∂t
=
∑
j
(v jX j + w jY j) + θHm(W)T. (5.2)
Hence, the coordinates of W with respect to the basis (X1, Y1, ..., Xm, Ym, T )
of T(z,t)H
m, are {v1,w1, ..., vn,wn, θHm(W)}. Thus,
gHm(W,W) = 4
n∑
j
(v2j + w
2
j) + θHm(W)
2 (5.3)
= 4|W |2
R2m+1
− 4s2 + θHm(W)
2. (5.4)
In particular, ifW is horizontal, then gHm(W,W) = 4|W |
2
R2m+1
− 4s2.
Theorem 5.1. Let (M, θ) be a strictly pseudoconvex CR manifold of dimen-
sion 2n + 1 and let f : M −→ Hm be a C2 semi-isometric map satisfying
d f (H(M)) ⊆ H(Hm). Then the eigenvalues of the operator −∆b + V in any
bounded domain Ω ⊂ M, with Dirichlet boundary conditions if Ω , M,
satisfy for every k ≥ 1 and p ∈ R,
k∑
i=1
(
λk+1 − λi
)p
≤
max{2, p}
n
k∑
i=1
(
λk+1 − λi
)p−1(
λi +
1
4
Di
)
(5.5)
with
Di =
∫
Ω
(
|Hb( f )|
2
Hm − 4V
)
u2i ϑθ.
Moreover, if V is bounded below on M, then for every k ≥ 1,
λk+1 ≤ (1 +
2
n
)
1
k
k∑
i=1
λi +
1
2n
D∞ (5.6)
and
λk+1 ≤ (1 +
2
n
)k
1
nλ1 +
1
4
(
(1 +
2
n
)k
1
n − 1
)
D∞ (5.7)
with D∞ = supΩ
(
|Hb( f )|
2
Hm
− 4V
)
.
In the particular case where (M, θ) is the Heisenberg group Hn endowed
with the standard CR structure, this theorem provides an alternative way to
derive Corollary 3.2
The following observation will be crucial for the proof of Theorem 5.1.
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Proposition 5.1. Let (M, θ) be a strictly pseudoconvex CR manifold and let
f : (M, θ) −→ Hm ≃ Cm × R
x −→ f (x) = (F1(x), ..., Fm(x), α(x))
be a C2 map such that d f (H(M)) ⊂ H(Hm). Then
Hb( f ) =
m∑
j=1
(∆bϕ jX j + ∆bψ jY j)
where ϕ j(x) = ReF j(x) and ψ j(x) = ImF j(x).
In particular, Hb( f ) is a horizontal vector field and
|Hb( f )|
2
Hm = 4
m∑
j=1
[(∆bϕ j)
2
+ (∆bψ j)
2].
Proof. One has, for any vectorW ∈ TM,
d f (W) =
m∑
j=1
(
dϕ j(W)X j + dψ j(W)Y j
)
+ θ(d f (W))T.
ForW ∈ H(M), d f (W) ∈ H(Hm) and, then,
d f (W) =
m∑
j=1
(
dϕ j(W)X j + dψ j(W)Y j
)
. (5.8)
Let {ei} be a local orthonormal frame of H(M), then
β f (ei, ei) = ∇
f
ei
d f (ei) − d f (∇eiei).
Since ei and ∇eiei are horizontal and that d f (H(M)) ⊂ H(H
m), we have
β f (ei, ei) =
m∑
j=1
∇ fei(dϕ j(ei)X j + dψ j(ei)Y j)−
m∑
j=1
[dϕ j(∇eiei)X j + dψ j(∇eiei)Y j]
with
∇ fei(dϕ j(ei)X j) = ei · dϕ j(ei)X j + dϕ j(ei)∇
Hm
d f (ei)
X j
and
∇ fei(dψ j(ei)Y j) = ei · dψ j(ei)Y j + dψ j(ei)∇
Hm
d f (ei)
Y j.
Therefore,
β f (ei, ei) =
m∑
j=1
[
ei · dϕ j(ei) − dϕ j(∇eiei)
]
X j +
m∑
j=1
[
ei · dψ j(ei) − dψ j(∇eiei)
]
Y j
+
m∑
j=1
[
dϕ j(ei)∇
Hm
d f (ei)
X j + dψ j(ei)∇
Hm
d f (ei)
Y j
]
. (5.9)
Recall that the Levi-Civita connection of Hm is such that
∇H
m
Xk
X j = ∇
Hm
Yk
Y j = ∇
Hm
T T = 0,
∇H
m
Xk
Y j = −2δk jT, ∇
Hm
Xk
T = 2Yk, ∇
Hm
Yk
T = −2Xk,
∇H
m
Yk
X j = 2δk jT, ∇
Hm
T Xk = 2Yk, ∇
Hm
T Yk = −2Xk.
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Thus,
∇H
m
d f (ei)
X j =
∑
k
(dϕk(ei)∇XkX j + dψk(ei)∇YkX j)
= dψ j(ei)∇Y jX j = 2dψ j(ei)T.
and
∇H
m
d f (ei)
Y j = −2dϕ j(ei)T.
Replacing into (5.9) and summing up with respect to i, we get
Hb( f ) =
2n∑
i=1
m∑
j=1
(
[ei · dϕ j(ei) − dϕ j(∇eiei)]X j + [ei · dψ j(ei) − dψ j(∇eiei)]Y j
)
=
m∑
j=1
(
∆bϕ jX j + ∆bψ jY j
)
.

Proof of Theorem 5.1. As in the proof of Theorem 3.1, we will use the com-
ponents of the map f as multiplication operators. Let us write f (x) =
(F1(x), ..., Fm(x), α(x)) ∈ C
m×R and F j(x) = ϕ j(x)+iψ j(x). The main differ-
ence with respect to the Euclidean case is that here, only theCm components
of f come in. All along this proof we will use the fact that, ∀W ∈ Hx(M),
the vector d f (W) is horizontal and (see (5.8))
|d f (W)|2Hm = 4
m∑
j=1
(
|dϕ j(W)|
2
+ |dψ j(W)|
2
)
. (5.10)
Repeating the same calculations as in the proof of the Theorem 3.1, we get
m∑
j=1
〈[−∆b + V, ϕ j]ui, ϕ jui〉L2 + 〈[−∆b + V, ψ j]ui, ψ jui〉L2
=
m∑
j=1
∫
Ω
{
|∇Hϕ j|
2
Gθ
+ |∇Hψ j|
2
Gθ
}
u2i .
Let {ei} be a Gθ-orthonormal basis of Hx(M), then
m∑
j=1
|∇Hϕ j|
2
Gθ
+ |∇Hψ j|
2
Gθ
=
m∑
j=1
2n∑
i=1
〈∇Hϕ j, ei〉
2
Gθ
+ 〈∇Hψ j, ei〉
2
Gθ
=
2n∑
i=1
m∑
j=1
〈∇ϕ j, ei〉
2
Gθ
+ 〈∇ψ j, ei〉
2
Gθ
=
2n∑
i=1
2m∑
j=1
(dϕ j(ei)
2
+ dψ j(ei)
2)
=
1
4
2n∑
i=1
|d f (ei)|
2
Hm =
n
2
.
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Thus,
m∑
j=1
〈[−∆b + V, ϕ j]ui, ϕ jui〉L2 + 〈[−∆b + V, ψ j]ui, ψ jui〉L2 =
n
2
. (5.11)
On the other hand,
‖[−∆b + V, ϕ j]ui‖
2
L2
=
∫
Ω
(
(∆bϕ j)ui + 2〈∇
Hϕ j,∇
Hui〉Gθ
)2
=
∫
Ω
(∆bϕ j)
2u2i + 4
∫
Ω
〈∇Hϕ j,∇
Hui〉
2
Gθ
+ 2
∫
Ω
(∆bϕ j)〈∇
Hϕ j,∇
Hu2i 〉Gθ .
We have a similar formula for ‖[−∆b + V, ψ j]ui‖
2
L2
. Since ∇Hui ∈ H(M), one
has
m∑
j=1
〈∇Hϕ j,∇
Hui〉
2
Gθ
+ 〈∇Hψ j,∇
Hui〉
2
Gθ
=
m∑
j=1
{dϕ j(∇
Hui)
2
+ dψ j(∇
Hui)
2}
=
1
4
|d f (∇Hui)
2|Hm =
1
4
|∇Hui|
2
Gθ
.
Therefore,
m∑
j=1
∫
Ω
(
〈∇Hϕ j,∇
Hui〉
2
Gθ
+ 〈∇Hψ j,∇
Hui〉
2
Gθ
)
=
1
4
∫
Ω
|∇Hui|
2
Gθ
=
1
4
(
λi −
∫
Ω
Vu2i
)
.
For the two remaining terms, we have thanks to Proposition 5.1 and the
identity (5.3),
m∑
j=1
∫
Ω
(
(∆bϕ j)
2
+ (∆bψ j)
2
)
u2i =
1
4
∫
Ω
|Hb( f )|
2
Hmu
2
i
and
m∑
j=1
∫
Ω
(
∆bϕ j〈∇
Hϕ j,∇
Hu2i 〉Gθ + ∆bψ j〈∇
Hψ j,∇
Hu2i 〉Gθ
)
=
1
4
∫
Ω
〈Hb( f ),
m∑
j=1
dϕ j(∇
Hu2i )X j +
m∑
j=1
dψ j(∇
Hu2i )Y j〉Hm
=
1
4
∫
Ω
〈Hb( f ), d f (∇
Hu2i )〉Hm = 0,
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where the last equality follows from the fact that Hb( f ) is orthogonal to
d f (H(M)) (Lemma 2.1). Finally,
‖[−∆b + V, ϕ j]ui‖
2
L2
+ ‖[−∆b + V, ψ j]ui‖
2
L2
= λi +
1
4
∫
Ω
(
|Hb( f )|
2
Hm − V
)
u2i .
(5.12)
Applying Lemma 3.1 with A = −∆b + V and B = ϕ j then B = ψ j, summing
up with respect to j and using (5.11) and (5.12), we obtain the inequality
(5.5).
As in the proof of Theorem 3.1, we derive the inequalities (5.6) and (5.7)
from (5.5) with p = 2. 
6. Reilly type inequalities for CR manifolds mapped into the Euclidean
space or the Heisenberg group
Let (M, θ) be a compact strictly pseudo-convex CR manifold. If f :
(M, θ) −→ Rm is a semi-isometricC2 map, then Theorem 3.1 (i.e. inequality
(3.1) with k = 1 and p = 1) gives,
λ2(−∆b + V) ≤ (1 +
2
n
)λ1(−∆b + V) +
1
2n
∫
M
(
|Hb( f )|
2
Rm − 4V
)
u21.
When M is a compact manifold without boundary and V = 0, one has
λ1(−∆b) = 0 and u
2
1
=
1
V(M,θ)
. Therefore, the following Reilly type result
holds (see[15] for details about Reilly inequalities)
λ2(−∆b) ≤
1
2nV(M, θ)
∫
M
|Hb( f )|
2
Rm .
This result can be obtained in an independent and simpler way, in the
spirit of Reilly’s proof, under weaker assumptions on f . Moreover, the
equality case can be characterized. Indeed, we first have the following
Theorem 6.1. Let (M, θ) be a compact strictly pseudoconvex CR manifold
of dimension 2n+ 1 without boundary. For every C2 map f : (M, θ) −→ Rm
one has
λ2(−∆b)Eb( f ) ≤
1
2
∫
M
|Hb( f )|
2
Rm (6.1)
where the equality holds if and only if the Euclidean components f1, . . . , fm
of f satisfy −∆b fα = λ2(−∆b)
(
fα −
>
fα
)
for every α ≤ m.
Proof. Replacing if necessary fα by fα−
>
fα we can assume without loss of
generality that the Euclidean components f1, . . . , fm of f satisfy
∫
M
fαϑθ = 0
so that, we have
λ2(−∆b)
∫
M
f 2α ≤
∫
M
|∇H fα|
2
Gθ
. (6.2)
Summing up with respect to α, we get
λ2(−∆b)
∫
M
| f |2Rm ≤
∫
M
m∑
α=1
|∇H fα|
2
Gθ
.
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Denoting by {ǫα} the standard basis of R
m and by {Xi} a local orthonormal
frame of H(M), we observe that
2eb( f ) =
2n∑
i=1
|d f (Xi)|
2
Rm =
2n∑
i=1
m∑
α=1
〈d f (Xi), ǫα〉
2
Rm
=
m∑
α=1
2n∑
i=1
|d fα(Xi)|
2
Rm =
m∑
α=1
|∇H fα|
2
Gθ
.
Therefore,
λ2(−∆b)
∫
M
| f |2Rm ≤
∫
M
m∑
α=1
|∇H fα|
2
Gθ
= 2Eb( f ). (6.3)
On the other hand, we have
4Eb( f )
2
=

m∑
α=1
∫
M
|∇H fα|
2
Gθ

2
=

m∑
α=1
∫
M
fα∆b fα

2
=

∫
M
〈 f (x),
m∑
α
(∆b fα)ǫα〉Rm

2
=
(∫
M
〈 f (x),Hb( f )〉Rm
)2
≤
∫
M
| f |2Rm
∫
M
|Hb( f )|
2
Rm .
Combining with (6.3), we get
4Eb( f )
2 ≤
2Eb( f )
λ2(−∆b)
∫
M
|Hb( f )|
2
Rm
which gives the desired inequality.
Now, if we have, for every α ≤ m, −∆b fα = λ2(−∆b) fα, then Hb( f ) =
(∆b f1, . . . ,∆b fm) = −λ2(−∆b) f and
∫
M
|Hb( f )|
2
Rm
= λ2(−∆b)
2
∫
M
| f |2
Rm
. On
the other hand, Eb( f ) =
∫
M
∑m
α=1 |∇
H fα|
2
Gθ
= λ2(−∆b)
∫
M
| f |2
Rm
which implies
that the equality holds in (6.1). Reciprocally, if the equality holds in (6.1)
for a nonconstant map f , then it also holds in (6.2) for each α. Thus, the
functions f1, . . . , fm belong to the λ2(−∆b)-eigenspace of −∆b. 
If a map f : (M, θ) −→ Rm preserves the metric with respect to horizontal
directions (i.e., |d f (X)|Rm = |X|Gθ for any X ∈ H(M)), then its energy density
eb( f ) is constant equal to n and
Eb( f ) = nV(M, θ).
Inequality (6.1) becomes in this case
λ2(−∆b) ≤
1
2nV(M, θ)
∫
M
|Hb( f )|
2
Rm . (6.4)
The characterization of the equality case is the last inequality requires the
following Takahashi’s type result.
24 AMINE ARIBI AND AHMAD EL SOUFI
Lemma 6.1. Let (M, θ) be a strictly pseudoconvex CR manifold of dimen-
sion 2n + 1 and let f : (M, θ) −→ Rm be C2 map.
i) Assume that f (M) is contained in a sphere Sm−1(r) of radius r cen-
tered at the origin. Then f is pseudo-harmonic from (M, θ) to S m−1(r)
if and only if its Euclidean components f1, . . . , fm satisfy, ∀α ≤ m,
−∆b fα = µ fα
with µ = 2
r2
eb( f ) ∈ C
∞(M).
ii) Assume that f is semi-isometric. If the Euclidean components f1, . . . , fm
of f satisfy, ∀α ≤ m, −∆b fα = λ fα, for some λ ∈ R, then f (M)
is contained in the sphere Sm−1(r) of radius r =
√
2n
λ
and f is a
pseudo-harmonic map from (M, θ) to S m−1(r). Conversely, if f (M)
is contained in a sphere Sm−1(r) and if f is a pseudo-harmonic map
from (M, θ) to S m−1(r), then, ∀α ≤ m, −∆b fα =
2n
r2
fα.
This lemma is to be compared with Example 5.3 of [6] in which a sign
mistake in Greenleaf’s formula led to an incorrect characterization of pseudo-
harmonic maps into spheres.
Proof of Lemma 6.1. i) For convenience, let us write f = j ◦ f¯ where j :
Sm−1(r) → Rm is the standard embedding and f¯ : M → Sm−1(r) is defined
by f¯ (x) = f (x). It is straightforward to observe that, ∀X, Y ∈ H(M),
β f (X, Y) = B j(d f¯ (X), d f¯ (Y)) + d j(β f¯ (X, Y))
where B j(W,W) = −
1
r2
|W |2
Rm
~x is the second fundamental form of the sphere
Sm−1(r). Taking the trace, we obtain
Hb( f ) = −
2eb( f¯ )
r2
f¯ + d j(Hb( f¯ )) = −
2eb( f )
r2
f + d j(Hb( f¯ )).
Hence, if f is pseudo-harmonic from (M, θ) to S m−1(r), then Hb( f¯ ) = 0 and,
consequently, Hb( f ) = −
2eb( f )
r2
f with Hb( f ) = (∆b f1, . . . ,∆b fm) (see (2.2)).
Thus, ∀α ≤ m, −∆b fα =
2
r2
eb( f ) fα.
Reciprocally, if there exists a function µ ∈ C∞(M) such that −∆b fα = µ fα
for every α ≤ m, then
0 = ∆b

m∑
α=1
f 2α
 = −2µ
m∑
α=1
f 2α + 2
m∑
α=1
|∇H fα|
2
Gθ
= −2µr2 + 4eb( f ).
Hence, µ = 2eb( f )
r2
, Hb( f ) = −
2eb( f )
r2
f and, then, Hb( f¯ ) = 0, which means that
f is pseudo-harmonic from (M, θ) to S m−1(r).
ii) From the assumptions, one has Hb( f ) = −λ f (see (2.2)). Since f is
semi-isometric, we know that Hb( f ) is orthogonal to d f (H(M)) (Lemma
2.1). Therefore, ∀x ∈ M and ∀X ∈ Hx(M), one has 〈 f (x), d fx(X)〉Rm = 0
which implies that the function x 7→ | f (x)|2
Rm
has zero derivativewith respect
to all horizontal directions. Since the distribution H(M) is not integrable,
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this implies that | f (x)|2
Rm
is constant on M, that is f (M) is contained in a
sphere Sm−1(r) of radius r centered at the origin. The pseudo-harmonicity
of f from M into Sm−1(r) then follows from (i). Moreover, one necessarily
has λ =
2eb( f )
r2
with eb( f ) = n since f is semi-isometric. Thus, the radius of
the sphere is such that r2 = 2n
λ
.

Theorem 6.1 and Lemma 6.1 lead to the following
Corollary 6.1. Let (M, θ) be a compact strictly pseudoconvex CR manifold
of dimension 2n + 1 without boundary and let f : (M, θ) −→ Rm be C2
semi-isometric map. Then
λ2(−∆b) ≤
1
2nV(M, θ)
∫
M
|Hb( f )|
2
Rm . (6.5)
Moreover, the equality holds in this inequality if and only if f (M) is con-
tained in a sphere Sm−1(r) of radius r =
√
2n
λ2(−∆b)
and f is a pseudo-
harmonic map from (M, θ) to the sphere S m−1(r).
Similarly, for CR manifolds mapped into the Heisenberg group, one has
the following
Theorem 6.2. Let (M, θ) be a compact strictly pseudoconvex CR manifold
of dimension 2n + 1 without boundary.
i) Let f : M −→ Hm = R2m × R be any C2 map satisfying d f (H(M)) ⊆
H(Hm). Then
λ2(−∆b)Eb( f ) ≤
1
2
∫
M
|Hb( f )|
2
Hm
where the equality holds if and only if the first 2m components f1, . . . , f2m
of f satisfy −∆b fα = λ2(−∆b)
(
fα −
>
fα
)
for every α ≤ 2m.
ii) Let f : M −→ Hm be any C2 semi-isometric map satisfying d f (H(M)) ⊆
H(Hm). Then
λ2(−∆b) ≤
1
2nV(M, θ)
∫
M
|Hb( f )|
2
Hm .
Moreover, the equality holds in this last inequality if and only if f (M) is
contained in the product S2m−1(r)×R ⊂ Hm with r =
√
2n
λ2(−∆b)
, and π◦ f is a
pseudo-harmonic map from (M, θ) to the sphere S 2m−1(r), where π : Hm →
R2m is the standard projection.
Proof. i) Let f : M −→ Hm = R2m × R be a C2 map satisfying d f (H(M)) ⊆
H(Hm) and set f˜ := π ◦ f : M −→ R2m where π : Hm → R2m is the standard
projection. One has, for every pair (X, Y) of horizontal vectors,
β f˜ (X, Y) = βπ(d f (X), d f (Y)) + dπ(β f (X, Y)).
Since for any X ∈ H(Hm), |dπ(X)|2
R2m
=
1
4
|X|2
Hm
(see (5.3)) and dπ(T ) = 0,
one can easily check that βπ ≡ 0 (Corollary 2.1) and, then, β f˜ (X, Y) =
dπ(β f (X, Y)). Thus, Hb( f˜ ) = dπ(Hb( f )) and, since Hb( f ) is horizontal
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(Proposition 5.1), |Hb( f˜ )|
2
R2m
=
1
4
|Hb( f )|
2
Hm
. On the other hand, it is clear
that eb( f˜ ) =
1
4
eb( f ) and, then, Eb( f˜ ) =
1
4
Eb( f ). Therefore, it suffices to
apply Theorem 6.1 to complete the proof of the first part of the theorem.
ii) Assume now that the map f is semi-isometric. Using the assumption that
f preserves horizontality, i.e., d f (H(M)) ⊆ H(Hm), one checks that the map
2π ◦ f is also semi-isometric. Applying Corollary 6.1 to the latter we easily
deduce what is stated in part (ii) of the theorem.

7. Eigenvalues of the Horizontal Laplacian on a Carnot group
A Carnot group of step r is a connected, simply connected, nilpotent Lie
group G whose Lie algebra g admits a stratification
g = V1 ⊕ ... ⊕ Vr
so that [V1,V j] = V j+1, j = 1, ..., r − 1 and [Vi,V j] ⊂ Vi+ j, j = 1, ..., r, with
Vk = {0} for k > r. We also assume that g carries a scalar product 〈, 〉g for
which the subspaces V j are mutually orthogonal. The layer V1 generates the
whole g and induces a sub-bundle HG of TG of rank d1 = dimV1 that we
call the horizontal bundle of the Carnot group. The Heisenberg group Hd is
the simplest example of a Carnot group of step 2.
For each i ≤ r, let {ei
1
, · · · , ei
di
} be an orthonormal basis of Vi and denote
by {Xi
1
, · · · , Xi
di
} the system of left invariant vector fields that coincides with
{ei
1
, · · · , ei
di
} at the identity element of G. We consider the Riemannian met-
ric gG on G with respect to which the family {X
1
1
, · · · , X1
d1
, · · · , Xr
1
, · · · , Xr
dr
}
constitute an orthonormal frame for TG. The corresponding Levi-Civita
connection ∇ induces a connection ∇H on HG that we call “horizontal con-
nection” : If X and Y are smooth sections of HG, then ∇H
X
Y = πH∇XY ,
where πH : TG → HG is the orthogonal projection. The horizontal Lapla-
cian ∆H is then defined for every C
2 function on G by
∆Hu := traceH∇
Hdu =
∑
i≤d1
X1i ·
(
X1i · u
)
,
where the last equality follows from the fact that ∇H
Xi
1
X
j
1
= 0 for any i, j =
1 . . . d1. The operator ∆H is a hypoelliptic operator of Ho¨rmander type.
Theorem 7.1. Let G be a Carnot group and let Ω be a bounded domain in
G. Let V be a function on Ω so that the operator −∆H + V, with Dirichlet
boundary conditions if Ω , G, admits a purely discrete spectrum {λ j} j≥1
which is bounded from below. Then, for every k ≥ 1 and p ∈ R,
k∑
i=1
(
λk+1 − λi
)p
≤
max{4, 2p}
d
k∑
i=1
(
λk+1 − λi
)p−1(
λi − Ti
)
,
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where d is the rank of the horizontal distribution HG, Ti =
∫
Ω
Vu2
i
vG and
vG is the Riemannian volume element associated with gG. Moreover, if V is
bounded below on Ω, then for every k ≥ 1,
λk+1 ≤
(
1 +
4
d
)
1
k
k∑
i=1
λi −
4
d
inf
Ω
V
and
λk+1 ≤
(
1 +
4
d
)
k
2
d λ1 −C(d, k) inf
Ω
V
with C(d, k) = (1 + 4
d
)k
2
d − 1.
Proof. Let {e1, . . . , ed} be an orthonormal basis of the subspace V1 and de-
note by {X1, · · · , Xd} the system of left invariant vector fields that coincides
with {e1, . . . , ed} at the identity element of G. Since the group G is nilpo-
tent, the exponential map exp : g −→ G is a global diffeomorphism. We
can define, for each i ≤ d, a smooth map xi : G → R by
xi(g) :=
〈
exp−1(g), ei
〉
g
.
These functions satisfy (see [12, Proposition 5.7]), ∀i, j = 1, ...,m,
X j · xi = δi j and ∆Hxi = 0.
Again, we apply Lemma 3.1 with A = −∆H + V and B = xα, 1 ≤ α ≤
m. We need to deal with the calculation of 〈[−∆H + V, xα]ui, xαui〉L2 and
‖[−∆H + V, xα]ui‖
2
L2
, where {ui}i≥1 a complete orthonormal family of eigen-
functions with (−∆b + V)ui = λiui. We have after a straightforward calcula-
tion :
[−∆H + V, xα]ui = −2Xα · ui.
Integrating by parts we get∫
Ω
(Xα · ui) xαui =
1
2
∫
Ω
(
Xα · u
2
i
)
xα = −
1
2
∫
Ω
u2i (Xα · xα) = −
1
2
∫
Ω
u2i = −
1
2
.
Thus,
d∑
α=1
〈[−∆H + V, xα]ui, xαui〉L2 = −2
d∑
α=1
∫
Ω
(Xα · ui) xαui = d.
On the other hand, we have
d∑
α=1
‖[−∆H + V, xα]ui‖
2
L2
= 4
d∑
α=1
∫
Ω
|Xα · ui|
2
= 4 (λi − Ti)
Putting these identities in Lemma 3.1, we obtain the first inequality of the
theorem.
The rest of the proof is identical to that of Theorem 3.1.

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